Abstract -We consider a class of relativistic quantum systems of ring geometry with mass confinement, subject to a magnetic flux. Such a system supports a family of boundary modes with edge-dependent currents and spin polarization as the spinor-wave analog of the whispering galley modes. While these states are remarkably robust against random scattering, boundary deformations and/or bulk disorders can couple the two oppositely circulating base states. Superposition of the two states can be realized by sweeping an external magnetic flux. We also address the issue of decoherence and articulate a possible experimental scheme based on 3D topological insulators.
. A common feature of these materials is that 26 the electronic motions can be approximately described by 27 the Dirac equation, with physical properties that are not 28 usually seen in conventional semiconductor materials. Ap-29 pealing features of these materials include the emergence 30 of topologically protected quantum states and long-range 31 phase coherence [22] , making them potential candidate for 32 solid state two-level systems. Theoretical schemes have 33 been proposed for graphene [23, 24] , topological insula-34 tors [25] , and more recently the monolayer transitional 35 metal dichalcogenides [26] .
36
In this paper, we present a two-level system based on 37 a class of relativistic quantum modes, the Dirac spinor-38 wave analog of the whispering galley modes (WGMs). In 39 particular, we consider the setting where a massless Dirac 40 fermion is confined within a finite domain of ring topology, 41 subject to a perpendicular magnetic flux at the center [23] . 42 The confinement can be generated from a mass poten-43 tial, which can be experimentally realized using ferromag-44 netic insulators [27] . A remarkable feature of the WGM 45 type of spinor waves in the ring geometry is that they 46 appear in pairs: one along the inner and another along 47 the outer boundaries with oppositely circulating currents 48 and spin polarizations, effectively forming a two-level rel-49 ativistic quantum system. This Dirac system has peculiar 50 spin textures as the coupling between the spin and current 51 (momentum) constrains the spin directions into the plane 52 In the following, we first formulate a theoretical model 84 Dirac Hamiltonian and two-level operation. We consider a 2D Dirac ring threaded by a magnetic flux Φ, as shown in Fig. 1(a) . The Hamiltonian iŝ
where v is the Fermi velocity,σ = (σ x ,σ y ) andσ z are the Pauli matrices. The vector potential is A(r) = (Φ/2πr)ê θ in the polar coordinates, with the magnetic field given by B = αΦ 0 δ(r)ê z . The dimensionless quantum flux parameter is α = Φ/Φ 0 with Φ 0 = 2π/e being the flux quantum. The mass confinement term M (r) is zero inside the ring domain and infinity elsewhere, giving rise to the hard-wall boundary conditions [28, 29] :
wheren ⊥ denotes the unit tangent vector at the bound-
85
aries and ψ = [ψ 1 , ψ 2 ] T is the eigenspinor.
86
In the polar coordinates, the kinetic part of the Hamiltonian Eq. (1) reads
whereσ r =σ x cos θ+σ y sin θ andσ θ = −σ x sin θ+σ y cos θ. For a circularly symmetric ring,Ĥ D commutes with the the total angular momentum (Ĵ z = −i∂ θ +σ z /2). The corresponding eigenspinors ψ thus have the following form
with
where N denotes the normalization constants, l = l + 87 α (l = ±1/2, ±3/2, · · · are the eigenvalues ofĴ z ),
are Hankel functions of the (first, second) kind and κ = 89 |E|R/v. The eigenstates and eigenvalues are determined 90 by imposing the boundary condition Eq. (2).
91
Using the local charge current density j = vψ †σ ψ, we 92 can obtain an expression for the edge current j(r B ) = 93 2v|ψ 1 | 2 sgn(M )n ⊥ and show that it is polarized along the 94 edges, clockwise for the inner and counterclockwise for 95 the outer boundaries. Adopting the spin operator in the 96 Hamiltonian as [25]Ŝ = 1/2(σ y , −σ x ,σ z ) we obtain that 97 the edge spin direction S(r B ) = |ψ 1 | 2 sgn(M )n is parallel 98 to the outer normal vectorn , where r B specifies the co-99 ordinates of the boundary points. The detailed form of the 100 confinement potential M (r) and disorders in the system 101 will affect the magnitude of the edge charge current/spin 102 but not the polarization properties. This current/spin po-103 larization characteristic makes the system a potential can-104 didate for relativistic quantum two-level operation.
105
For two-level operation, in addition to the well de-106 fined current/spin polarization characteristic, it is neces-107 sary to lift the state degeneracy in the circular symmetric 108 ring [23] . Intuitively, this can be accomplished through 109 the boundary roughness of the ring or defects in the 110 bulk, with the current/spin polarization characteristic well 111 maintained. Without loss of generality, we consider a class 112 of deformed Dirac rings with shape being a conformal im-113 age of the circular-symmetric ring so that the eigenstates 114 can be determined efficiently and accurately [30, 31] . The 115 conformal mapping of the circular ring domain z is given 116 by w(z) = n c n z n where n = 5 and the coefficient vec-117 tor is given by c = [1, 0.05g, 0, 0, 0.18g exp(iδ)], δ ∈ [0, 2π), 118 and g ∈ [0, 1] is the deformation parameter that opens the 119 gap at anti-level crossing. For relatively large deforma-120 tion, e.g., g 0.5, bottlenecks along the boundary occur, 121 leading to chaotic behavior in the classical ray dynamics 122 and random scattering in the quantum regime. Conven-123 tional wisdom stipulates that the current/spin polariza-124 tions along the inner and outer boundaries would be sup-125 pressed or even eliminated. Remarkably, we find that the 126 (deformed) Dirac ring system and the associated polarized 127 properties in the charge current and spin texture can per-128 sist in an extremely robust manner, as shown in Fig. 1 A pair of WGM-like states traveling along the inner and outer boundaries define effectively a two-level system. For simplicity, we use the symbols | and | to denote the two states, with the respective energy levels E (α) and E (α). About the level anti-crossing point [i.e., minimalgap position in Fig. 1(b) ], the states | and | are coupled and superposed with approximately equal amplitude. An example of the "on-off" curves is shown in Fig. 2(a) . Rabi oscillations can be generated by varying the magnetic flux in a nonadiabatic manner. Specifically, the single flux-tunable two-level system can be described by the following 2 × 2 effective Hamiltonian in the pseudo-spin representation aŝ
whereτ x,z are Pauli matrices in the pseudo-spin base of 147 | and | , and ε = |E (α) − E (α)|. The level de-148 tuningε = ε − ε 0 can be adjusted by changing α, where ε 0 149 characterizes the displacement with respect to the uncou-150 pled situation. The tunnel coupling parameter ∆ is the 151 anti-crossing energy, which can be tuned by varying the 152 boundary deformation parameter g or the bulk disorder 153 strength. Non-adiabatic transitions between | and |
154
can be realized through non-adiabatic tuning of α such 155 that the level detuning changes from |ε| ∆ toε = 0 156 (i.e. ε = ε 0 ), driving the system from a pure | (or | ) 157 state to the minigap position. This induces Rabi oscilla-158 tions between | and | at the angular frequency of 159 ∆/2: cos(∆t/2)| − i sin(∆t/2)| .
160
We note that the effect of additional mass term (dy-161 namical gap) generation induced by such a dynamical flux 162 is irrelevant in practice, as that requires an off-resonant 163 circularly polarized irradiation (laser) or a high-frequency 164 analog driving signal input [e.g., about 100 meV (∼ 10
Hz) -see the work [32], and references therein]. In our 166 system, the time-dependent gauge potential induced by 167 the applied dynamic magnetic flux has a different form 168 from that generated by the circularly polarized laser field, 169 and the relevant operation (driving) frequency is on the 170 same order of magnitude of the energy spacing between 171 the two adjacent WGM states. The energy requirement 172 is 1 meV for a real ring size (say 100 nm). As a result, 173 the additional mass term can be neglected. The δ(r) field 174 adopted in our analysis is for theoretical simplicity only. 175 Insofar as the applied magnetic flux is confined within the 176 inner ring boundary, there is no essential difference in the 177 final results. In experimental implementation, it may be 178 feasible to generate a magnetic flux of finite size confined 179 within the inner ring boundary.
180
We now provide additional reasoning that our Dirac ring 181 system can effectively be approximated as a two-level sys-182 tem. When two specific levels are chosen, the level spac-183 ings from them to the lower or higher states should be 184 much larger than the two-level splitting energy to prevent 185 information leaking [33] . Our system fulfills this require-186 ment. In particular, consider the two-level profile consist-187 ing of a pair of WGM-like states as indicated in Fig. 1(b) 188 (open circles). We obtain that the level splitting is about 189 ∆ ∼ 0.04 v/W , but the smallest level spacing from other 190 states is S ∼ v/W , which is about 25 times larger than 191 the former. For a realistic sample size, e.g., W = 100 nm, 192 we get S ∼ 5meV 60K and ∆ ∼ 0.2meV 2.5K
S. 193 This means that the chosen two-level profile is effectively 194 decoupled from other levels of the system. The splitting 195 energy ∆ in fact defines an effective temperature T under 196 which the dephasing effect of thermal noise can be ruled 197 out. In this sense, through tuning of the Fermi energy 198 near a desired position as indicated by the dotted blue 199 horizontal line in Fig. 1(b) , for low temperatures (e.g., 200 k B T ∆) we obtain a robust two-level quantum system 201 for some proper value of the magnetic flux. Note that our 202 theoretical proposal is based on the low energy model of 203 3D TIs, so it is adequate to focus on the low-lying states 204 Taking advantage of the concept of persistent currents, we can analyze the characteristics of our Dirac ring system more explicitly using, e.g., the specific two-level profile as shown in Fig. 2(a) . We define the parameter
where α c is the position of the anti-crossing and I m de- To understand the physical mechanism of robust Dirac WGMs, we analyze the relativistic quantum behaviors of a particle in a 2D step junction system with metal-insulator (MI) and insulator-metal (IM) configurations formed by a spatial-dependent mass potential, as shown in Fig. 3(a) . The insulator region can be created experimentally with a finite constant mass potential M = M 0 (since we only consider the lowest few levels), while the metal region with zero band gap hosts massless Dirac fermions. An incoming plane wave |k i from the metal to the insulator regions with the incident angle θ and energy E = v|k| inside the p-4 mass gap |M 0 | > E is reflected to state |k r , together with an evanescent state |k t in the insulator region. Solving the Dirac equation together with the boundary conditions (Appendix), we obtain the associated local charge current density and spin orientation as
and
S y = 0,
with the ± signs denoting the propagating directions of the incident wave from the metal region (corresponding to the MI and IM configurations, respectively). We see that spin is perpendicular to the current direction, which is responsible for the strong spin-orbit coupling associated with the surface states of 3D TIs. The transverse current j y and the constrained spin orientation (S x , S z ) are both functions of the relative incident energy ratio η = E/M 0 and the incident angle θ 0 with respect to the x-axis. An interesting feature is that the signs of j y and S x are simply determined by those of mass M 0 and q. Restricting our consideration to M 0 > 0, we see that both j y and S x are anti-symmetric with respect to the transformation of q → −q, θ 0 → θ 0 + π. As a result, j y and S x are positive/negative for the MI/IM junction, leading to persistent positive/negative transverse current and left/right spin polarization at the junction interfaces when all possible incident angles are taken into account. This is the situation where there are transverse Hall currents without external magnetic fields, and the directions of the currents can be controlled by changing the configuration of the junction. More physical insights into these peculiar currents can be gained by considering the case of hard wall confinement: η 1. At the interface, we have j y → 2v(τ + sin θ 0 ),
That is, the spin becomes fully in-plane polarized (← or →), as shown in Fig. 3(b) . Averaging over all the incident
, we obtain
As shown in Fig. 3(c) , both average values are half of their 250 maximum values in magnitude but the currents and spins 251 are opposite in direction for the MI and IM configurations. 252 Decoherence. For a quantum two-level system to be practically useful, the dephasing time τ ϕ and the relaxation time τ r need to be much larger than the Rabi period (operation time scale) τ op = 4π/∆. Our relativistic quantum states are spin polarized WGMs, so they are less sensitive to nonmagnetic perturbations, such as electrostatic fluctuations, than those based on conventional split-gate electrodes [53] . At low temperatures k B T ∆, decoherence mainly comes from the measurement process. We use the standard spin-boson model (SBM) to calculate the decoherence time caused by the coupling to the measurement device (e.g., a superconducting quantum interference device -SQUID), which has been used to assess decoherence in flux based, nonrelativistic quantum systems of mesoscopic semiconducting [54] or superconducting rings [55] . For a system at the bath temperature T , the energy relaxation time is
and the phase-decoherence time is
where the level spacing is µ = √ε 2 + ∆ 2 , Ω = tan −1 (∆/µ) is the mixing angle, J(ω) is a spectral density function characterizing the environment, and the dimensionless dissipation parameter is defined as
For µ k B T and assuming that the environment can be treated as an Ohmic bath [i.e., J(ω) ∝ ω], we have
with the damping parameter given by
where M is the mutual inductance coefficient between the two-level system and the measuring SQUID, I and I sq are the respective circulating currents. The SQUID is effectively an inductor of inductance Pb x Sn 1−x Te) is sketched in Fig. 1(a Appendix: Derivation of Eq. (8) and Eq. (9). -Imposing the continuity of the waves at the junction interface x = 0 [ Fig. 3(a) ], i.e.
we obtain the undetermined coefficients
and T = 2 cos γ τ sin β exp [i(γ + θ 0 /2)],
with the auxiliary parameters β and γ satisfying tan β = vq + E sin θ 0 M 0 + E , and tan γ = 1 − τ tan β sin θ 0 τ tan β cos θ 0 , where τ = sgn(M 0 q), vq = ± M 2 0 − (E cos θ 0 ) 2 with the sign ± denoting the propagating directions of the incident wave from the metal region and hence corresponding to the MI/IM configurations, respectively. The wavefunction in the insulator region can thus be expressed explicitly as
(21) The associated local charge current density and spin ori-302 entation are determined by the corresponding definitions 303 j = vψ †σ ψ and S = ψ †Ŝ ψ, leading to Eqs. (8) and (9). 
